COHOMOLOGY OF FACE RINGS, AND TORUS ACTIONS 



TARAS PANOV 

Abstract. In this survey article we present several new developments 
of 'toric topology' concerning the cohomology of face rings (also known 
as Stanley-Reisner algebras). We prove that the integral cohomology 
algebra of the moment- angle complex Zk (equivalently, of the comple- 
ment U{K) of the coordinate subspace arrangement) determined by a 
simplicial complex K is isomorphic to the Tor-algebra of the face ring 
of K. Then we analyse Massey products and formality of this algebra 
by using a generalisation of Hochster's theorem. We also review several 
related combinatorial results and problems. 



1. Introduction 

This article centres on the cohomological aspects of 'toric topology', a new 
and actively developing field on the borders of equivariant topology, combi- 
natorial geometry and commutative algebra. The algebro-geometric coun- 
terpart of toric topology, known as 'toric geometry' or algebraic geometry of 
toric varieties, is now a well established field in algebraic geometry, which 
is characterised by its strong links with combinatorial and convex geometry 
(see the classical survey paper [10] or more modern exposition [13]). Since 
the appearance of Davis and Januszkiewicz's work [11], where the concept 
of a (quasi)toric manifold was introduced as a topological generalisation of 
smooth compact toric variety, there has grown an understanding that most 
phenomena of smooth toric geometry may be modelled in the purely topo- 
logical situation of smooth manifolds with a nicely behaved torus action. 

One of the main results of [11] is that the equivariant cohomology of a toric 
manifold can be identified with the face ring of the quotient simple polytope, 
or, for more general classes of torus actions, with the face ring of a certain 
simplicial complex K. The ordinary cohomology of a quasitoric manifold 
can also be effectively identified as the quotient of the face ring by a regular 
sequence of degree-two elements, which provides a generalisation to the well- 
known Danilov-Jurkiewicz theorem of toric geometry. The notion of the 
face ring of a simplicial complex sits in the heart of Stanley's 'Combinatorial 
commutative algebra' [24], linking geometrical and combinatorial problems 
concerning simplicial complexes with commutative and homological algebra. 
Our concept of toric topology aims at extending these links and developing 
new applications by applying the full strength of the apparatus of equivariant 
topology of torus actions. 
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The article surveys certain new developments of toric topology related to 
the cohomology of face rings. Introductory remarks can be found at the 
beginning of each section and most subsections. A more detailed description 
of the history of the subject, together with an extensive bibliography, can be 
found in [8] and its extended Russian version [9]. 

The current article represents the work of the algebraic topology and com- 
binatorics group at the Department of Geometry and Topology, Moscow 
State University, and the author thanks all its members for the collabora- 
tion and insight gained from numerous discussions, particularly mentioning 
Victor Buchstaber, Ilia Baskakov, and Arseny Gadzhikurbanov. The author 
is also grateful to Nigel Ray for several valuable comments and suggestions 
that greatly improved this text and his hospitality during the visit to Manch- 
ester sponsored by an LMS grant. 

2. SiMPLICIAL COMPLEXES AND FACE RINGS 

The notion of the face ring k.[K] of a simplicial complex K is central to the 
algebraic study of triangulations. In this section we review its main proper- 
ties, emphasising functoriality with respect to simplicial maps. Then we in- 
troduce the bigraded Tor-algebra Torkj,,^ ,,^^^] (k[E'], k) through a finite free 
resolution of \<.[K] as a module over the polynomial ring. The corresponding 
bigraded Betti numbers are important combinatorial invariants of K. 

2.1. Definition and main properties. Let K = K^~^ be an arbitrary 
(n — l)-dimensional simplicial complex on an m-element vertex set V , which 
we usually identify with the set of ordinals [m] = {!,..., m}. Those subsets 
a CV belonging to K are referred to as simplices; we also use the notation 
a G K. We count the empty set as a simplex of K. When it is necessary 
to distinguish between combinatorial and geometrical objects, we denote by 
\K\ a geometrical realisation of K, which is a triangulated topological space. 

Choose a ground commutative ring k with unit (we are mostly interested in 
the cases k = Z, Q or finite field). Let k[t;i, . . . , Vm] be the graded polynomial 
algebra over k with degVi = 2. For an arbitrary subset uj = {ii, . . . ,1^} C 
[m], denote by v^^ the square-free monomial Vi^ . . . Vi^. 

The face ring (or Stanley-Reisner algebra) of K is the quotient ring 

k[K] = k[vi, . . .,Vm]/lK, 

where Ik is the homogeneous ideal generated by all monomials such that 
a is not a simplex of K. The ideal Ik is called the Stanley-Reisner ideal 
oiK. 

Example 2.1. Let if be a 2-dimensional simplicial complex shown on Fig- 
ure 1. Then 

\i[K] = k[vi, . . . , V5]/{viV5, V3V4^, V1V2V3, V2V4V5). 

Despite its simple construction, the face ring appears to be a very pow- 
erful tool allowing us to translate the combinatorial properties of different 
particular classes of simplicial complexes into the language of commutative 
algebra. The resulting field of 'Combinatorial commutative algebra', whose 
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Figure 1. 

foundations were laid by Stanley in his monograph [24], has attracted a lot 
of interest from both combinatorialists and commutative algebraists. 

Let K\ and be two simplicial complexes on the vertex sets [mi] and 
[777.2] respectively. A set map ip: [mi] — > [m2] is called a simplicial map 
between Ki and K2 if pic) G K2 for any a £ Ki; we often identify such 
with its restriction to Ki (regarded as a collection of subsets of [mi]), and 
use the notation ip: Ki ^ K2- 

Proposition 2.2. Let f- Ki —i- K2 be a simplicial map. Define a map 
ip*: k[wi,...,Wm2] -^Hvi,---,Vmi] by 

Then (p* induces a homomorphism k[K2] — > k[iri], which we will also denote 

by (p*- 

Proof. We have to check that lp*{Ik2) ^ ^K^- Suppose r = {ji, ■ ■ ■ ,js} C 
[m2] is not a simplex of K2. Then 

(2.1) ^*{wj^ ■ ■ ■ WjJ = ^ Vi^---Vi^. 

nG¥'"i(ii)v,«se</3-i(js) 

We claim that a = {ii, . . . .ig} is not a simplex of Ki for any monomial 
Vi^ ■ ■ - Vi^ in the right hand side of the above identity. Indeed, if a G i^Ti, 
then ^{(j) = T G K2 by the definition of simplicial map, which leads to a 
contradiction. Hence, the right hand side of (2.1) is in Iki- D 

2.2. Cohen— Macaulay rings and complexes. Cohen Macaulay rings 
and modules play an important role in homological commutative algebra 
and algebraic geometry. A standard reference for the subject is [6], where 
the reader may find proofs of the basic facts about Cohen-Macaulay rings 
and regular sequences mentioned in this subsection. In the case of simplicial 
complexes, the Cohen-Macaulay property of the corresponding face rings 
leads to important combinatorial and topological consequences. 

Let A = ©j>o^' be a finitely-generated commutative graded algebra 
over k. We assume that A is connected {A^ = k) and has only even-degree 
graded components, so that we do not need to distinguish between graded 
and non-graded commutativity. We denote by A^ the positive-degree part 
of A and by H(^+) the set of homogeneous elements in 
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A sequence ti, . . . ,tn of algebraically independent homogeneous elements 
of A is called an hsop (homogeneous system of parameters) if ^ is a finitely- 
generated k[ti, . . . , t„]-module (equivalently, A/ (ti, . . . , tn) has finite dimen- 
sion as a k- vector space). 

Lemma 2.3 (Nother normalisation lemma). Any finitely-generated graded 
algebra A over a fi,eld k admits an hsop. If k has characteristic zero and A 
is generated by degree-two elements, then a degree-two hsop can be chosen. 

A degree-two hsop is called an Isop (linear system of parameters). 

A sequence t = ti, . . . ,tk of elements of TC{A^) is called a regular sequence 
if ti+i is not a zero divisor in A/ (ti, . . . ,ti) for < i < k. A regular sequence 
consists of algebraically independent elements, so it generates a polynomial 
subring in A. It can be shown that f is a regular sequence if and only if A 
is a free k.[ti, . . . , tfc]-module. 

An algebra A is called Cohen-Macaulay if it admits a regular hsop t. It 
follows that A is Cohen-Macaulay if and only if it is a free and finitely gener- 
ated module over its polynomial subring. If k is a field of zero characteristic 
and A is generated by degree-two elements, then one can choose t to be an 
Isop. A simplicial complex K is called Cohen-Macaulay (over k) if its face 
ring k[K] is Cohen-Macaulay. 

Example 2.4. Let K = dA^ be the boundary of a 2-simplex. Then 

k[K] = \s.[vi,V2,V3]/{viV2V3). 

The elements vi,V2 G k[K] are algebraically independent, but do not form an 
hsop, since k.[K] / (vi , V2) = k[?;3] is not finite-dimensional as a k-space. On 
the other hand, the elements ti = vi — vs, t2 = V2 — V3 of k.[K] form an hsop, 
since \s.[K]/{ti,t2) = k[t]/i^. It is easy to see that k.[K] is a free k[ti,f2]- 
module with one 0-dimensional generator 1, one 1-dimensional generator t'l, 
and one 2-dimensional generator vf. Thus, k[iir] is Cohen-Macaulay and 
(ti,t2) is a regular sequence. 

For an arbitrary simplex a G K define its link and star as the subcom- 
plexes 

linki^ a = {t e K: aUT € K, aDr = 0}; 
star^^ a = {t G K : a L) t £ K}. 

Uv & K is a vertex, then star^ v is the subcomplex consisting of all simplices 
of K containing v, and all their subsimplices. Note also that star^- v is the 
cone over linkx^'- 

The following fundamental theorem characterises Cohen-Macaulay com- 
plexes combinatorially. 

Theorem 2.5 (Reisner). A simplicial complex K is Cohen-Macaulay over k 
if and only if for any simplex a £ K (including a = 0) and i < dim(linki^ a), 
it holds that Hiilinkx cr;is-) = 0. 

Using standard techniques of PL topology the previous theorem may be 
reformulated in purely topological terms. 
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Proposition 2.6 (Munkres). K"^^^ is Cohen-Macaulay over k. if and only 

if for an arbitrary point x G \K\, it holds that 

Hi{\K\;k) = Hi{\K\,\K\\x]k) =0 for i < n - 1. 
Thus any triangulation of a sphere is a Cohen-Macaulay complex. 

2.3. Resolutions and Tor-algebras. Let M be a finitely-generated graded 
k[vi, . . . , fm]-module. A free resolution of M is an exact sequence 

(2.2) . . . _J_^ R-i . . . R-i rO , ^ ^ 0, 

where the are finitely-generated graded free k.[vi, . . . , i;m]-modules and 
the maps d are degree-preserving. By the Hilbert syzygy theorem, there is a 
free resolution of M with = for i > m. A resolution (2.2) determines a 
bigraded differential k-module [R,d], where R = 0i?-^'J, R-''^ ■= {R-y 
and d: i?"*'-? — > The bigraded cohomology module H[R.d\ has 

H-^'^[R,d] = for i > and H^^^[R,d\ = . Let [M, 0] be the bigraded 
module with M-*''^ = for z > 0, M^'^ = M^, and zero differential. Then 
the resolution (2.2) determines a bigraded map [i?, c(| — > [M, 0] inducing an 
isomorphism in cohomology. 

Let be another module; then applying the functor ®]i[vi,...,vm\-^ ^ 
resolution [R, d] we get a homomorphism of differential modules 

[^®kbi,...,^™] N,d] ^ [M «)kbi,...,^„] 

which in general does not induce an isomorphism in cohomology. The (— i)th 
cohomology module of the cochain complex 

■ • • > «)k[.i,...,.„i N > . . . > R° <^k[.i,...,.^] N > 

is denoted by Tor ^j^^ ^^^{M,N). Thus, 

Tor-^ (M N) ■= Ker[ci: R-' ^k^......^] N ^ R-^+^ ^k^,...,.^] N] 

Since all the R~^ and N are graded modules, we actually have a bigraded 
k-module 



Tork[„,...,,^](M, AT) = 0Tor^j;^^ ^^^j(M, AT). 

The following properties of Tor^j'^^ ^ ^{M,N) are well known. 

Proposition 2.7. (a) the module Torj^j*^^ ^ ^{M,N) does not depend on a 

choice of resolution in (2.2); 

(b) Tor^j*^^^ ^^^j( • , A^) anJTor^j*^^^ |(M, •) are covariant functors; 

(c) TorO[„^ '...,'J](M, iV) - M ^kN,'..,!!] 

(d) Tor-[;,...,..](^,^) = Tor-[;,...,..](^>^)- 

Now put M = k.[K\ and A^ = k. Since degVj = 2, we have 

m 

Tork[,„...,,^](k[i^],k) = 0Tor-g;;^^^j(k[i^],k) 

i,j=0 
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Define the bigraded Betti numbers of k.[K] by 

(2.3) r''^'{k[K]) := dimkTor-gj ,,^j(k[i^],k), < i,j < m. 
We also set 

r'iKK]) = dimkTor-;^_ „^,(k[if],k) = ^ /3-'^^(k[K]). 

j 

Example 2.8. Let K be tlie boundary of a square. Then 

k[K] = k[vi, . . ■ ,V4]/{viV3,V2V4). 

Let us construct a resolution of k.[K] and calculate the corresponding bi- 
graded Betti numbers. The module has one generator 1 (of degree 0), 
and the map — > k[K] is the quotient projection. Its kernel is the ideal Ik, 
generated by two monomials viv^ and V2V,i. Take R^^ to be a free module on 
two 4-dimensional generators, denoted vis and f24, and define d: R^^ — > R^ 
by sending U13 to V1V3 and V24 to V2V4. Its kernel is generated by one element 
V2V4V13 — V1V3V24:. Hence, R~^ has one generator of degree 8, say a, and the 
map d: R~^ — > R~^ is injective and sends a to V2V4V1S — viVsV24. Thus, we 
have a resolution 

^ > R-^ > ^ M ^ 

where rank 72° = P^^^{k[K]) = 1, ranki^-^ = /^-^'^ = 2 and ranki?-^ = 
= 1. 

The Betti numbers /3~*'^-'(k[ii']) are important combinatorial invariants of 
the simplicial complex K. The following result expresses them in terms of 
homology groups of subcomplexes of K. 

Given a subset u C [m], we may restrict K to u and consider the full 
subcomplex K^^ = {a E K : a C.uj}. 

Theorem 2.9 (Hochster). We have 

uiC[m]: \u>\=j 

where H*{-) denotes the reduced cohomology groups and we assume that 
^-1(0) = k. 

Hochster's original proof of this theorem uses rather complicated com- 
binatorial and commutative algebra techniques. Later in subsection 5.1 we 
give a topological interpretation of the numbers Z?^*'^-' (k[K]) as the bigraded 
Betti numbers of a topological space, and prove a generalisation of Hochster's 
theorem. 

Example 2.10 (Koszul resolution). Let M = k with the k[vi, . . . ,Vm\- 
module structure defined via the map k[vi, . . . ,Vm] —>■ k sending each Vi 
to 0. Let A[ui, . . . ,Um] denote the exterior k-algebra on m generators. The 
tensor product R = A[ui, . . . , Um] (8) k[vi, . . . , Vm] (here and below we use (8) 
for (8)k) may be turned to a differential bigraded algebra by setting 

bideguj = (-1, 2), bideg^j = (0, 2), 

(2.4) dui = Vi, dvi = 0, 
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and requiring d to be a derivation of algebras. An explicit construction of 
a cochain homotopy shows that H~^[R,d] = for i > and H^[R,d] = k. 
Since A[ui, . . . , Um] ^[vi, ■ ■ ■ , Vm] is a free k[vi, . . . , v^j-module, it deter- 
mines a free resolution of k. It is known as the Koszul resolution and its 
expanded form (2.2) is as follows: 

-> A'"['Ui, ...,Um]® k[i;i, ...,Vm] — > ■ ■ ■ 

— > K^[ui, ...,Um]® k[i;i, ...,Vm] — ^ k[i;i, ...,Vm\ — > k ^ 

where A*[mi, . . . , Um\ is the subspace of A['Ui, . . . , Um\ spanned by monomials 
of length i. 

Now let us consider the differential bigraded algebra [A[iti, . . . , tt^] (8> 
k[iir],(i] with d defined as in (2.4). 

Lemma 2.11. There is an isomorphism of bigraded modules: 

Tork[„,,...,,„](k[i^],k) ^ H[A[ui, . . .,u„,] ^ k[K],d] 

which endows Tork[^^^...^^^](k[i(r], k) with a bigraded algebra structure in a 
canonical way. 

Proof. Using the Koszul resolution in the definition of Tor, we calculate 
Tork[,,,.„,,^](k[K],k) ^ Tork[.,,...,,^](k,k[K]) 

= H[A[ui, ...,Um]® k[vi, ...,Vm\ ®]i[vi,...,vm\ H^W 
^H[A[ui,...,Um]®HK]]. 

The cohomology in the right hand side is a bigraded algebra, providing an 
algebra structure for Tork[„j_...^^^] (k[if], k). □ 

The bigraded algebra Tork[^^^...^^^](k[if], k) is called the Tor-algebra of 
the simplicial complex K. 

Lemma 2.12. A simplicial map (f: Ki K2 between two simplicial com- 
plexes on the vertex sets [mi] and [m2] respectively induces a homomorphism 

(2.5) Tork[^,,....^^^](k[K2],k) ^ Tork[^j_...^^^j(k[iCi],k) 

of the corresponding Tor-algebras. 

Proof. This follows directly from Propositions 2.2 and 2.7 (b). □ 

3. TORIC SPACES 

Moment-angle complexes provide a functor K ^ Zk from the category of 
simplicial complexes and simplicial maps to the category of spaces with torus 
action and equivariant maps. This functor allows us to use the techniques of 
equivariant topology in the study of combinatorics of simplicial complexes 
and commutative algebra of their face rings; in a way, it breathes a geometri- 
cal life into Stanley's 'combinatorial commutative algebra'. In particular, the 
calculation of the cohomology of Zk opens a way to a topological treatment 
of homological invariants of face rings. 

The space Zk was introduced for arbitrary finite simplicial complex K by 
Davis and Januszkiewicz [11] as a technical tool in their study of (quasi)toric 
manifolds, a topological generalisation of smooth algebraic toric varieties. 
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Later this space turned out to be of great independent interest. For the 
subsequent study of its place within 'toric topology', and connections 
with combinatorial problems we refer to [8] and its extended Russian ver- 
sion [9]. Here we review the most important aspects of this study related to 

the cohomology of face rings. 

3.1. Moment-angle complexes. The m-torus T™ is a product of m cir- 
cles; we usually regard it as embedded in C™ in the standard way: 

T^ = {izi,...,z„,)eC"'-. \z^\ = 1, i = l,...,m}. 

It is contained in the unit polydisk 

iD^r = {{zi,...,Zm)€C"': \zi\<l, i = l,...,m}. 

For an arbitrary subset uj CV, define 

:= {(zi, ...,Zm)e {D^r ■■ = 1 for i ^ to}. 

The subspace is homeomorphic to (L*^)!'^! x T'^-H. 

Given a simplicial complex K on [m] = {1, . . . , m}, we define the moment- 
angle complex Zfc by 

(3.1) Zk := U ^ (^T- 

The torus T*" acts on (D^)™ coordinatewise and eacli subspace Bi_j is 
invariant under this action. Therefore, the space Zk inherits a torus action. 
The quotient {jfij^ jT"^ can be identified with the unit m-cube: 

I"^ ■.= {{yi,...,ym)eR"':0<yi<l, i = l,...,m}. 

The quotient B^^/T'^ is then the following |a;|- dimensional face of 

Co; := {(yi, . . . , ym) e : = 1 if i ^ w}. 

Thus the whole quotient Zk /T"^ is identified with a certain cubical subcom- 
plex in I™, which we denote by cc(i^). 

Lemma 3.1. The cubical complex cc{K) is PL -homeomorphic to cone IT. 

Proof. Let K' denote the barycentric subdivision of K (the vertices of K' 
correspond to non-empty simplices a of K). We define a PL embedding 
ic' coneK' ^ by mapping each vertex a to the vertex (£i, . . . ,£rn) G 
where = if i G a and = 1 otherwise, the cone vertex to (1, . . . , 1) G 
and then extending Unearly on the simpHces of conei^'. The barycentric 
subdivision of a face a G is a subcomplex in K' , which we denote K'\fj. 
Under the map ic the subcomplex cone K'\cr maps onto the face C 
Thus the whole complex conei^' maps homeomorphically onto cc(i^), which 
concludes the proof. □ 

It follows that the moment-angle complex Zk can be defined by the pull- 
back diagram 

Zk > {D^r 

p 



coneK' — - — > I"* 
where p is the projection onto the orbit space. 
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K = 2, points K = dA^ 

Figure 2. Embedding ic- coneK' ^ J'". 



Example 3.2. The embedding ic for two simple cases when if is a three 
point complex and the boundary of a triangle is shown on Figure 2. If 
K = A"*~^ is the whole simplex on m vertices, then cc{K) is the whole cube 
and the above constructed PL-homeomorphism between cone(A"*~^)' 
and defines the standard triangulation of 

The next lemma shows that the space Zk is particularly nice for certain 
geometrically important classes of triangulations. 

Lemma 3.3. Suppose that K is a triangulation of an {n — 1)- dimensional 
sphere. Then Zk is a closed {m + n)- dimensional manifold. 

In general, if K is a triangulated manifold then Zk \ is 
a noncompact manifold, where (1, . . . , 1) G is the cone vertex and 

Proof. We only prove the first statement here; the proof of the second is 
similar and can be found in [9]. Each vertex Vi of K corresponds to a 
vertex of the barycentric subdivision K' , which we continue to denote Vi. 
Let stavK' f « be the star of Vi in K' , that is, the subcomplex consisting of all 
simplices of K' containing Vi, and all their subsimplices. The space cone if' 
has a canonical face structure whose facets (codimension-one faces) are 

(3.2) Fi := staix' "^ii i = I, . . . ,m, 

and whose i-faces are non-empty intersections of i-tuples of facets. In par- 
ticular, the vertices (0-faces) in this face structure are the barycentres of 
(n — l)-dimensional simplices of K. 

For every such barycentre b we denote by Ub the subset of cone K' obtained 
by removing all faces not containing b. Since if is a triangulation of a 
sphere, cone if is an n-ball, hence each Ui, is homeomorphic to an open 
subset in i" via a homeomorphism preserving the dimension of faces. Since 
each point of cone if' is contained in some [/;,, this displays cone if' as a 
manifold with corners. Having identified cone if' with cc(if) and further 
cc(if) with Zk/T"^, we see that every point in Zk lies in a neighbourhood 
homeomorphic to an open subset in (i)^)" x T™"** and thus in IR'"+"'. □ 

A particularly important class of examples of sphere triangulations arise 
from boundary triangulations of convex polytopes. Suppose P is a simple 
n-dimensional convex polytope, i.e. one where every vertex is contained 
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in exactly n facets. Then the dual (or polar) polytope is simplicial, and we 
denote its boundary complex by Kp. Kp is then a triangulation of an (n — 1)- 
sphere. The faces of cone K'p introduced in the previous proof coincide with 
those of P. 

Example 3.4. Let K = dA^'-K Then Zk = d{{D'^)"') ^ ^^'"-i. In 
particular, for m = 2 from (3.1) we get the familiar decomposition 

of a 3-sphere into a union of two solid tori. 

Using faces (3.2) we can identify the isotropy subgroups of the T™-action 
on Zk- Namely, the isotropy subgroup of a point x in the orbit space cone K' 
is the coordinate subtorus 

T{x) = {{zi, ...,Zm)eT^: Zi = l if Fj. 

In particular, the action is free over the interior (that is, near the cone point) 
of cone K'. 

It follows that the moment-angle complex can be identified with the quo- 
tient 

Zk = [T^ X |coneK'|)/~, 

where {ti,x) ~ {t2,y) if and only if a; = y and tit^"^ G T{x). In the case 
when K is the dual triangulation of a simple polytope we may write 
(T"^ X P")/~ instead. The latter r"*-manifold is the one introduced by 
Davis and Januszkiewicz [11], which thereby coincides with our moment- 
angle complex. 

3.2. Homotopy fibre construction. The classifying space for the circle 

can be identified with the infinite-dimensional projective space CP°°. The 
classifying space ST™ of the m-torus is a product of m copies of CP°^. The 
cohomology of BT^ is the polynomial ring Z[vi, . . . ,Vm], degWj = 2 (the 
cohomology is taken with integer coefficients, unless another coefficient ring 
is explicitly specified). The total space ET™ of the universal principal T"*- 
bundle over BT"^ can be identified with the product of m infinite-dimensional 
spheres. 

In [11] Davis and Januszkiewicz considered the homotopy quotient of Zk 
by the r"*-action (also known as the Borel construction). We refer to it as 
the Davis- Januszkiewicz space: 

DJ{K) := ET"" XTm Zk = ET"^ x Zk/^-, 

where {e.z) ~ {et^^,tz). There is a a fibration p: DJ{K) BT^ with 
fibre Zk- The cohomology of the Borel construction of a T"*-space X is 
called the equivariant cohomology and denoted by H^m{X). 

A theorem of [11] states that the cohomology ring of DJ(K) (or the equi- 
variant cohomology of Zk) is isomorphic to 7.[K]. This result can be clarified 
by an alternative construction of DJ{K) [8], which we review below. 

The space BT^ has the canonical cell decomposition in which each factor 
CP°° has one cell in every even dimension. Given a subset to C [m], define 
the subproduct 

BT"^ ■.= {{xi,...,Xm) eBT"": Xi = * if i ^ u} 
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where * is the basepoint (zero-cell) of CP°°. Now for a simplicial complex 
K on [m] define the following cellular subcomplex: 

(3.3) BT^ := [J BT" C BT'^. 

<7€K 

Proposition 3.5. The cohomology of BT^ is isomorphic to the Stanley- 
Reisner ring 7j[K]. Moreover, the inclusion of cellular complexes i: BT^ ^ 
BT^ induces the quotient epimorphism 

i*: Z[vi,...,Vm] -^Z[K] =Z[vi,...,Vm]/lK 
in the cohomology. 

Proof. Let Bf^ denote the 2 fe- dimensional cell in the ith factor of BT^. and 
C*{BT"^) the cellular cochain module. A monomial v^^ . . . v-^ represents the 

cellular cochain {B'^^' . . . Bf^")* in C*{BT'^). Under the cochain homomor- 

phism induced by the inc lusion BT^ C BT"^ the cochain {Bf ' . . . Bp)* 
maps identically if {ii, . . . , ip} G K and to zero otherwise, whence the state- 
ment follows. □ 

Theorem 3.6. There is a deformation retraction DJ{K) — > BT^ such that 
the diagram 



DJ{K) BT 



is commutative. 



Proof. We have Zk — Uo-eA' -^f^' '^^^'^ e&cYi B^ is T™-invariant. Hence, there 
is the corresponding decomposition of the Borel construction: 

DJ{K) = ET"" XT- Zk= [j ET"" Xy- B^. 

Suppose |c7| = s. Then B^ ^ {D'^f x T""'', so we have 

ET"' XT- 5<x = {ET' XT^{Dy)x ET""-'. 

The space ET"^ Xt" (D'^Y is the total space of a (L'^)'*-bundle over ST*, 
and ET'^~^ is contractible. It follows that there is a deformation retrac- 
tion ET"^ XT'" Ba BT'^. These homotopy equivalences corresponding to 
different simplices fit together to yield the required homotopy equivalence 
between p: DJ{K) BT"^ and i: BT^ ^ BT"^. □ 

Corollary 3.7. The space Zk is the homotopy fibre of the cellular inclusion 
i: BT^ ^ BT"". Hence [11] there are ring isomorphisms 

H*{DJ{K)) = H^m{ZK) = Z[K]. 

In view of the last two statements we shall also use the notation DJ{K) for 
BT^ , and refer to the whole class of spaces homotopy equivalent to DJ{K) 
as the Davis-Januszkiewicz homotopy type. 

An important question arises: to what extent does the isomorphism of 
the cohomology ring of a space X with the face ring determine the 
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homotopy type of XI In other words, for given does there exist a 'fal^e' 
Davis-Januszkiewicz space, whose cohomology is isomorphic to ^[-f^], but 
which is not homotopy equivalent to DJ{K)7 This question is addressed 
in [21]. It is shown there [21, Prop. 5.11] that if Q[K] is a complete inter- 
section ring and X is a nilpotent cell complex of finite type whose rational 
cohomology is isomorphic to Q[iir], then X is rationally homotopy equivalent 
to DJ{K). Using the formahty of DJ{K), this can be rephrased by saying 
that the complete intersection face rings are intrinsically formal in the sense 
of Sullivan. 

Note that the class of simplicial complexes K for which the face ring Q[K] 
is a complete intersection has a transparent geometrical interpretation: such 
K is a join of simphces and boundaries of simpUces. 

3.3. Coordinate subspace arrangements. Yet another interpretation of 
the moment-angle complex Zx comes from its identification up to homo- 
topy with the complement of the complex coordinate subspace arrangement 
corresponding to K. This leads to an application of toric topology in the 
theory of arrangements, and allows us to describe and effectively calculate 
the cohomology rings of coordinate subspace arrangement complements and 
in certain cases identify their homotopy types. 
A coordinate subspace in C"* can be written as 

(3.4) L^ = {{zi,...,Zm)eC"': = ■ ■ ■ = Zi^ = 0} 

for some subset lo = {ii, . . . C [m]. Given a simplicial complex K, we 
may define the corresponding coordinate subspace arrangement {L^ : lv ^ K} 
and its complement 

C/(K) = C-\ U L^- 

Note that if C is a subcomplex, then U{K') c U{K). It is easy to 
see [8, Prop. 8.6] that the assignment K U{K) defines a one-to-one order 
preserving correspondence between the set of simplicial complexes on [m] 
and the set of coordinate subspace arrangement complements in C". 

The subset U{K) C C"* is invariant with respect to the coordinatewise 
T'^-action. It follows from (3.1) that Zk C U{K). 

Proposition 3.8. There is a T^-equivariant deformation retraction 

U{K) ^ Zk. 

Proof. In analogy with (3.3), we may write 

(3.5) U{K) = [j U,, 

where 

U„ := {(zi, . . . , z^) G C™ : / for i ^ a}. 
Then there are obvious homotopy equivalences (deformation retractions) 

X (C \ 0)HV ^u^^B^^ {D'^Y X {S^)M\<r_ 

These patch together to get the required map U{K) — Zk- □ 

Example 3.9. 1. Let K = dA^'^. Then U{K) = \ (recall that 
Zk = S'^"'-^ in this case). 
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2. Let K = {vi, . . . ,Vm} {m points). Then 

U{K) = \ U {zi = Zj = 0}, 

l<i<j<m 

the complement to the set of all codimension 2 coordinate planes. 

3. More generally, if K is the i-skeleton of A^"^ , then U{K) is the 
complement to the set of all coordinate planes of codimension (i + 2). 

The reader may have noticed a similar pattern in several constructions of 
toric spaces appeared above; compare (3.1), (3.3) and (3.5). The following 
general framework was suggested to the author by Neil Strickland in a private 
communication. 

Construction 3.10 (i^-power). Let X be a space and W C X a subspace. 
For a simplicial complex K on [m] and a E K, we set 

{X, Wr ■.= {{xi,...,Xm)eX"': xj G W for j ^ a} 

and 

{X,Wf := [J{X,Wr= (J (n^xll^)- 

We refer to the space {X,W)^ C X"" as the K -power of iX,W). If X 
is a pointed space and W = pt is the basepoint, then we shall use the 
abbreviated notation X^ := {X,pt)^ . Examples considered above include 
Zk = iD^,S^)^, cc{K) = {I\S^)^, DJ{K) = (CP~)^ and U{K) = 
(C,C*)^. 

Homotopy theorists would recognise the iiT-power as an example of the 
colimit of a diagram of topological spaces over the /ace category of K (objects 
are simphces and morphisms are inclusions). The diagram assigns the space 
{X,Wy to a simplex cr; its colimit is {X,W)^. These observations are 
further developed and used to construct models of loop spaces of toric spaces 
as well as for homotopy and homology calculations in [23] and [22]. 

3.4. Toric varieties, quasitoric manifolds, and torus manifolds. Sev- 
eral important classes of manifolds with torus action emerge as the quotients 

of moment-angle complexes by appropriate freely acting subtori. 

First we give the following characterisation of Isops in the face ring. Let 
K"~^ be a simplicial complex and ii, . . . a sequence of degree-two ele- 
ments in k[if]. We may write 

(3.6) ti = Xiivi H h XimVm, ^ = 1, . . . , n. 

For an arbitrary simplex a E K, we have = AI'"!"^ and k[if^] is the 
polynomial ring k[vi : i G cr] on \a\ generators. The inclusion K^j C K 
induces the restriction homomorphism r^r from k[K] to the polynomial ring, 
mapping Vi identically if i G a and to zero otherwise. 

Lemma 3.11. A degree-two sequence ti,. . . ,tn is an Isop in \i.[K'^~^] if and 
only if for every a G K the elements ra{ti), . . . ,ra{tn) generate the positive 
ideal k.[vi : i G a]+. 
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Proof. Suppose (3.6) is an Isop. For simplicity we denote its image under any 
restriction homomorphism by the same letters. Then the restriction induces 
an epimorphism of the quotient rings: 

k[K]/{ti,...,tn) ^'k[vi: i G a]/{ti, . . . ,tn). 

Since (3.6) is an Isop, k[K]/{ti, . . . ,tn) is a finitely generated k-module. 
Hence, so is k.[vi: i G a]/{ti, . . . ,tn)- But the latter can be finitely generated 
only if ti, . . . , tn generates k.[vi : i G cr]_|_. 

The "if" part may be proved by considering the sum of restrictions: 

which turns out to be a monomorphism. See [6, Th. 5.1.16] for details. □ 

Obviously, it is enough to consider only restrictions to the maximal sim- 
plices in the previous lemma. 

Suppose now that K is Cohen-Macaulay (e.g. if is a sphere triangula- 
tion). Then every Isop is a regular sequence (however, for k = Z or a field 
of finite characteristic an Isop may fail to exist). 

Now we restrict to the case k = Z and organise the coefficients in (3.6) into 
an n X m-matrix A = (Xij). For an arbitrary maximal simplex a £ K denote 
by Afj the square submatrix formed by the elements Xij with j € a. The 
matrix A defines a linear map Z"* — ^ Z" and a homomorphism T"* — ^ T". 
We denote both by A and denote the kernel of the latter map by T\. 

Theorem 3.12. The following conditions are equivalent: 

(a) the sequence (3.6) is an Isop in Z[A'"^^]; 

(b) det Ao- = ±1 for every maximal simplex a G K; 

(c) Ta = T™-" and Ta acts freely on Zk- 

Proof. The equivalence of (a) and (b) is a reformulation of Lemma 3.11. Let 
us prove the equivalence of (b) and (c). Every isotropy subgroup of the 
T'^-action on Zk has the form 

T'' = {{zi,...,Zm)eT"': Zi = lifi^a} 

for some simplex a E K. Now, (b) is equivalent to the condition Ta fl T*^ = 
{e} for arbitrary maximal a, whence the statement follows. □ 

We denote the quotient Zk/T\ by M^"(A), and abbreviate it to M^" or 
to M^" when the context allows. If i^' is a triangulated sphere, then Zk is 
a manifold, hence, so is Mf'. The n-torus T" = T'^/Ta acts on M^. This 
construction produces two important classes of T^-manifolds as particular 

examples. 

Let K = Kp be a polytopal triangulation, dual to the boundary complex 
of a simple polytope P. Then the map A determined by the matrix A may 
be regarded as an assignment of an integer vector to every facet of P. The 
map A coming from a matrix satisfying the condition of Theorem 3.12(b) 
was called a characteristic map by Davis and Januszkiewicz [11]. We refer 
to the corresponding quotient Mp"(A) = Zkp/Ta as a quasitoric manifold 
(a toric manifold in the terminology of Davis- Januszkiewicz). 
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Let us assume further that P is realised in M"- with integer coordinates of 

vertices, so we can write 

(3.7) P" = (a; G : {h, x) > -a^, i = 1, . . . , m}, 

where U are inward pointing normals to the facets of (we may further 
assume these vectors to be primitive), and Oj G Q. Let A be the matrix 
formed by the column vectors U, i = 1, . . . ,m. Then Zkp/T\ can be identi- 
fied with the projective toric variety [10, 13] determined by the polytope P. 
The condition of Theorem 3.12(b) is equivalent to the requirement that the 
toric variety is non-singular. Thereby a non-singular projective toric variety 
is a quasitoric manifold (but there are many quasitoric manifolds which are 
not toric varieties). 

We also note that smooth projective toric varieties provide examples of 
symplectic 2n-dimensional manifolds with Hamiltonian T"-action. These 
symplectic manifolds can be obtained via the process of symplectic reduction 
from the standard Hamiltonian T"^-action on C"^. A choice of an (m — n)- 
dimensional toric subgroup provides a moment map /x: C"^ and 
the corresponding moment-angle complex Z^p can be identified with the 
level surface /Lt~^(a) of the moment map for any of its regular values a. The 
details of this construction can be found in [8, p. 130]. 

Finally, we mention that if K is an arbitrary (not necessarily polytopal) 
triangulation of sphere, then the manifold M^(A) is a torus manifold in the 
sense of Hattori-Masuda [19]. The corresponding multi-fan has K as the 
underlying simplicial complex. This particular class of torus manifolds has 
many interesting properties. 

4. COHOMOLOGY OF MOMENT-ANGLE COMPLEXES 

The main result of this section (Theorem 4.7) identifies the integral co- 
homology algebra of the moment-angle complex Zk with the Tor-algebra 
of the face ring of the simplicial complex K. Over the rationals this result 
was proved in [7] by studying the Eilenb erg-Mo ore spectral sequence of the 
fibration Zk DJ{K) — > BT'^; a more detailed account of applications of 
the Eilenb erg-Mo ore spectral sequence to toric topology can be found in [8]. 
The new proof, which works with integer coefficients as well, relies upon a 
construction of a special cellular decomposition of Zk and subsequent anal- 
ysis of the corresponding cellular cochains. 

One of the key ingredients here is a specific cellular approximation of 
the diagonal map A: Zk Zk x Zk- Cellular cochains do not admit a 
functorial associative multiplication because a proper cellular diagonal ap- 
proximation does not exist in general. The construction of moment-angle 
complexes is given by a functor from the category of simplicial complexes 
to the category of spaces with a torus action. We show that in this special 
case the cellular approximation of the diagonal is functorial with respect 
to those maps of moment-angle complexes which are induced by simplicial 
maps. The corresponding cellular cochain algebra is isomorphic to a quotient 
of the Koszul complex for k[iir] by an acyclic ideal, and its cohomology is 
isomorphic to the Tor-algebra. The proofs have been sketched in [5]; here 
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we follow the more detailed exposition of [9j. Another proof of Theorem 4.7 
follows from a recent independent work of M. Franz [12, Th. 1.2]. 

4.1. Cell decomposition. The polydisc (D^)"^ has a cell decomposition in 
which each is subdivided into cells 1, T and D of dimensions 0, 1 and 2 
respectively, see Figure 3. Each cell of this complex is a product of cells of 3 




Figure 3. 



different types and we encode it by a word T £ {D,T, 1}"* in a three-letter 
alphabet. Assign to each pair of subsets <t, a; C [m], a H lo = 0, the word 
T{a,(jj) which has the letter D on the positions indexed by a and letter T 
on the positions with indices from lo. 

Lemma 4.1. Zk is a cellular suhcomplex of{D^)'^. A cellT{a,Lo) C (D^)"^ 
belongs to Zk if and only if a E K. 

Proof. We have Zk = Ua-eRBa and each is the closure of the cell 
r(a,H\a). □ 

Therefore, we can consider the cellular cochain complex C*{Zk), which 
has an additive basis consisting of the cochains T{a,io)*. It has a natural 
bigrading defined by 

bideg T(cr,cj)* = (-|lj|,2|cj| + 2\u;\), 

so bidegZ) = (0,2), bidegT = (—1,2) and bidegl = (0,0). Moreover, since 
the cellular differential does not change the second grading, C*{Zk) splits 
into the sum of its components having fixed second degree: 

m 

C*{Zk) = ^C*'^'{Zk). 
j=i 

The cohomology of Zk thereby acquires an additional grading, and we may 
define the bigraded Betti numbers b~"^''^^{ZK) by 

b-''''^{ZK) := lankH-'^^^iZK), i,j = l,...,m. 

For the ordinary Betti numbers we have h^{ZK) = J22j-i=k^~^'^'' (^k) ■ 

Lemma 4.2. Let ip: Ki ^ K2 be a simplicial map between simplicial com- 
plexes on the sets [mi] and [7712] respectively. Then there is an equivariant cel- 
lular map (fz '■ Zki — ^ Zk2 covering the induced map \ coneif(| \ coneKl^l. 
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Proof. Define a map of polydisks 
where 

(we set Wj = 1 if ip~^{j) = 0). Assume r G Ki. In the notation of (3.1), 
we have (poiBr) C -B^(r)- Since (p is a simplicial map, ^{t) G -fC2 and 
B^(t-) C 2k2, so the restriction of (fo to ^Z^^^ is the required map. □ 

Corollary 4.3. The correspondence K ^ Zk gives rise to a functor from 
the category of simplicial complexes and simplicial maps to the category of 
spaces with torus actions and equivariant maps. It induces a natural transfor- 
mation between the simplicial cochain functor of K and the cellular cochain 
functor of Zk ■ 

We also note that the maps respect the bigrading, so the bigraded Betti 
numbers are also functorial. 

4.2. Koszul algebras. Our algebraic model for the cellular cochains of Zk 
is obtained by taking the quotient of the Koszul algebra [A[ui, . . . , m^] 
k[i^],d] from Lemma 2.11 by a certain acyclic ideal. Namely, we introduce 
a factor algebra 

R*{K) := A[ui, ...,Um]® AK]/{vl = = 0, i = 1, . . . , m), 

where the differential and bigrading are as in (2.4). Let 

be the quotient projection. The algebra R*{K) has a finite additive basis 
consisting of the monomials of the form u^^Va where u C [m], a E K and 
LoDa = (remember that we are using the notation = u-i^^ . . . ui^ for lo = 
{ii, . . . ,ik})- Therefore, we liave an additive inclusion (a monomorphism of 
bigraded differential modules) 

l: R*{K) A[ui, . . . , u„] 55 Z[K] 

which satisfies q ■ i = id. 

The following statement shows that the finite- dimensional quotient R*{K) 
has the same cohomology as the Koszul algebra. 

Lemma 4.4. The quotient map g: A[ui, . . . ,Um] (2) '^[K] — R*{K) induces 
an isomorphism in cohomology. 

Proof. The argument is similar to that used in the proof of the acyclicity of 
the Koszul resolution. We construct a cochain homotopy between the maps 
id and l ■ g from A['Ui, . . . , Um] <8) '^[K] to itself, that is, a map s satisfying 

(4.1) ds + sd = id- L- g. 

First assume that K = A"^"-*^. We denote the corresponding bigraded 
algebra A[ui, . . . , Um] <8) '^[K] by 

(4.2) E = Em := A[ui,...,Um]^'Z[vi,...,Vm], 
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while R*{K) is isomorphic to 

(4.3) (AM 0ZH/(i;2 = uv = 0))®"" = i?*(Z\0)®"^. 

For m = 1, the map si : E^'* = lc[v] E~^'* given by 

si{ao + aiv + . . . + ttjV-') = {a2V + a^v^ + . . . + ajV^~^)u 

is a cochain homotopy. Indeed, we can write an element of E as either x 
or xu with x = ao + a^v + . . . + ajV^ G E^''^^ . In the former case, dsix = 
X — ao — aiv = x — lqx and Sidx = 0. In the latter case, xu G E~^''^^ , then 
dsi{xu) = and 51^(2:^) = xu — ciqu — xu — lq{xu). In both cases (4.1) 
holds. Now we may assume by induction that for m = A; — 1 there is a 
cochain homotopy operator Sk-i'- £^fc-i E^-i. Since E^ = E^^i Ei, 
Qk = Qk-i ® Qi and Lk = ik-i ® ti, a direct check shows that the map 

Sk = Sk-i (8> id + Lk-iQk-i (8) si 

is a cochain homotopy between id and tkQk, which finishes the proof for 

K = z\'»-i. 

In the case of arbitrary K the algebras A[ui,. . . ,«m] ® '^[K] are R*{K) 
are obtained from (4.2) and (4.3) respectively by factoring out the Stanley- 
Reisner ideal Ik- This factorisation does not affect the properties of the 
constructed map s, which finishes the proof. □ 

Now comparing the additive structure of R*{K) with that of the cellular 
cochains C*{K), we see that the two coincide: 

Lemma 4.5. The map 

g: R*{K)^C*{Zk), 

is an isomorphism of bigraded differential modules. In particular, we have 
an additive isomorphism 

H[R*{K)\ ^ H*{Zk). 

Having identified the algebra R* with the cellular cochains of Zk, we can 
also interpret the cohomology isomorphism from Lemma 4.4 topologically. 
To do this we shall identify the Koszul algebra A[ui, . . . (g) "^[K] with 
the cellular cochains of a space homotopy equivalent to Zk- 

Let S°° be an infinite-dimensional sphere obtained as a direct limit (union) 
of standardly embedded odd-dimensional spheres. The space is con- 
tractible and has a cell decomposition with one cell in every dimension. The 
boundary of an even-dimensional cell is the closure of the appropriate odd- 
dimensional cell, while the boundary of an odd cell is zero. The 2-skeleton of 
this cell decomposition is a 2-disc decomposed as shown on Figure 3, while 
the 1-skeleton is the circle C S°° . The cellular cochain complex of S°° 
can be identified with the algebra 

A[«] (g) degtt = l,degf = 2, du = v^dv = Q. 

From the obvious functorial properties of Construction 3.10 we obtain a 
deformation retraction 

Zk = (^>^ S^)^ ^ {S°°, S^)^ (D^ S^)^ 
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onto a cellular subcomplex. 

The cellular cochains of the K-power {S°°, S^)^ can be identified with the 
Koszul algebra A[ui, . . . , Um]'S>'^[K]. Since Zk C {S°°, S^)^ is a deformation 
retract, the cellular cochain map 

induces an isomorphism in cohomology. In fact, the algebraic homotopy map 
s constructed in the proof of Lemma 4.4 is the map induced on the cochains 
by the topological homotopy. 

4.3. Cellular cochain algebras. Here we introduce a multiplication for 
cellular cochains of 2k and establish a ring isomorphism in Lemma 4.5. 
This task runs into a complication because cellular cochains in general do 
not carry a functorial associative multiplication; the classical definition of 
the cohomology multiplication involves a diagonal map, which is not cellu- 
lar. However, in our case there is a way to construct a canonical cellular 
approximation of the diagonal map A : Zk Zk x Zk in such a way that 
the resulting multiplication in cellular cochains coincides with that in R*{K). 

The standard definition of the multiplication in cohomology of a cell com- 
plex X via cellular cochains is as follows. Consider a composite map of 
cellular cochain complexes: 

(4.4) C*{X)(^C*{X) C*{XxX) C*{X). 

Here the map x assigns to a cellular cochain Ci (8) C2 G C^^ (X) (g) {X) the 
cochain ci x C2 G C'^^~^'^'^{X X X) whose value on a cell ei x 62 € X x X is 
{—I)''^'^'^ci{ei)c2{e2)- The map A* is induced by a cellular approximation A 
of the diagonal map A: X ^ X x X . In cohomology, the map (4.4) induces 
a multiphcation H*{X) (g) H*{X) H*{X) which does not depend on a 
choice of cellular approximation and is functorial. However, the map (4.4) 
is not itself functorial because of the arbitrariness in the choice of a cellular 
approximation. 

In the special case X = Zk we may apply the following construction. 
Consider a map A: x D^, defined in polar coordinates z = pe^'^ G 

< p < 1, < < 27r as follows: 

n.^^ ^ / (1 + P^^^'"" - 1) for < < TT, 
^ \ (l,l + p(e2*^-l)) for7r<^<27r. 

This is a cellular map taking dD^ to dD^ x dD^ and homotopic to the 
diagonal A: — > x in the class of such maps. Taking an m-fold 
product, we obtain a cellular approximation 

A: (L>2^"^ ^ (L>2^"^ X {D'^)"' 

which restricts to a cellular approximation for the diagonal map of Zk for 
arbitrary K, as described by the following commutative diagram: 

Zk > (£>')"* 



A 



A 



Zk X Zk > {D'^T x {D'^T 
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Note that this diagonal approximation is functorial with respect to those 
maps Zk-^ of moment-angle complexes that are induced by simplicial 

maps Ki — ^ K2 (see Lemma 4.2). 

Lemma 4.6. The cellular cochain algebra C*{Zk) defined by the diago- 
nal approximation A: Zk — ^ Zk x Zk and (4.4) is isomorphic to R*{K). 
Therefore, we get an isomorphism of the cohomology algebras: 

H[R*{K)] ^ H*{Zk;I'). 

Proof. We first consider the case K = A^, that is, Zk = D'^. The cellular 
cochain complex of is additively generated by the cocliains 1 G C^\D'^), 
T* G C^(D^) and D* G C'^{D'^) dual to the corresponding cells, see Fig- 
ure 3. The multiplication defined in C*{D'^) by (4.4) is trivial, so we get a 
multiplicative isomorphism 

i?*(AO) = K[u] ® ZH/(t;2 = uv = Q)^ C*{D^). 

Now, for K = A™~^ we obtain a multiplicative isomorphism 

/: i?*(A™-i) = A[ui, . . .,um]mvi, ■ ■ -^vmyiv^ = um = 0) ^ C*{{D^r) 

by taking the tensor product. Since Zk CI (D^)™- is a cell subcomplex for 
arbitrary K we obtain a multiplicative map q: C*((L>^)"^) C*(Zk)- Now 
consider the commutative diagram 

ii;*(A'"-i) C*((£>2)™) 

P Q 

R*{K) C*{Zk). 

Here the maps p, f and q are multiplicative, while g is an additive isomor- 
phism by Lemma 4.5. Take a, /? G R*{K). Since p is onto, we have a = p{a') 
and f3 = p{/3'). Then 

giaP) = gp{a'!3') = qf{a'(3') = gp{a')gp{l3') = g{a)giP), 

and g is also a multiplicative isomorphism, which finishes the proof. □ 

Combining the results of Lemmas 2.11, 2.12, 4.4 and 4.6, we come to the 
main result of this section. 

Theorem 4.7. There is an isomorphism, functorial in K, of bigraded alge- 
bras 

H*'*{Zk;Z) ^ Tor^[,,,, ...,,,„] {Z[K],Z) ^ H[A[ui, ...,u^]0 Z[K],d] , 

where the bigrading and the differential in the last algebra are defined by (2.4). 

As an illustration, we give two examples of particular cohomology calcula- 
tions, which have a transparent geometrical interpretation. More examples 
of calculations may be found in [8]. 

Example 4.8. 1. Let K = dA^''^. Then 

Z[i^] = Z[?;i, . . .,Vm]/{vi ■ ■■Vm)- 

The fundamental class of Zk — S'^"^^^ is represented by the bideg (—1,2m) 
cocycle U1V2V3 ■ --Vm ^ A[ni, . . . , Um] (8) Z[K]. 
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2. Let K = {vi, . . . , Vm} {m points). Then Zk is homotopy equivalent to 
the complement in C™ to the set of all codimension-two coordinate planes, 
see Example 3.9. Then 

Z[K] = Z[vi, . . .,Vm\/{ViVj, i ^ j). 

The subspace of cocycles in R*{K) is generated by 

Vi^Ui^Ui^ ■■■Uii^, k>2 and ip ^ ig for q, 

and has dimension mi^Zl)- The subspace of coboundaries is generated by 
the elements of the form 

and is (™) -dimensional. Therefore 
dim H^{Zk) = 1, 
dimH^iZx) = H^{U{K)) = 0, 

dimH^+HZK) = m{^:l) - (-) = (fc - l)(™), 2<k< m, 

and multiplication in the cohomology of Zk is trivial. Note that in general 
multiplication in the cohomology of Zk is far from being trivial; for example 
if K is a sphere triangulation then Zk is a manifold by Lemma 3.3. 

The above cohomology calculation suggests that the complement of the 

subspace arrangement from the previous example is homotopy equivalent to 
a wedge of spheres. This is indeed the the following theorem shows. 

Theorem 4.9 (Grbic-Theriault [16]). The complement of the set of all 
codimension-two coordinate subspaces in C"* has the homotopy type of the 
wedge of spheres 

m y s 

V(*-i)ns'=+'. 

k=2 ^ ^ 

The proof is based on an analysis of the homotopy fibre of the inclusion 
DJ{K) ^ BT'^\ which is homotopy equivalent to Zk (or U{K)) by Corol- 
lary 3.7. We shall return to coordinate subspace arrangements once again in 
the next section. 

5. Applications to combinatorial commutative algebra 

5.1. A multiplicative version of Hochster's theorem. As a first ap- 
plication we give a proof of a generalisation of Hochster's theorem (Theo- 
rem 2.9) obtained by Baskakov in [3]. 

The bigraded structure in the cellular cochains of Zk can be further re- 
fined as 

C*{Zk)= C*^'^{Zk) 

a;C[m] 

where C*'"^^ {Zk) is the subcomplex generated by the cochains T{a,uj \cr)* 
with a C. Lo and a & K. Thus, C*{Zk) now becomes a Z © Z^-graded 
module, and the bigraded cohomology groups decompose accordingly as 

(5.1) H-''^\Zk)= H-''^^{Zk) 

ujC[m]: \u>\=j 
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where H-^^^^{Zk) ■= H-'[C*^^^ (Zk)]. 

Given two simplicial complexes Ki and K2 with vertex sets Vi and V2 
respectively, their join is the following complex on Vi U V2: 

Ki * K2 := {a C Vi UV2: a = ai U 02, ox € Kx, 02 e K2}. 

Now we introduce a multiplication in the sum 



il'i^. 



p>-i, 

a;C[m] 

where is the full subcomplex and H~^{0) = Z, as follows. Take two 
elements a G HP{K^j^) and /? G H'^{K^^). Assume that cji na;2 = 0. Then 
we have an inclusion of subcomplexes 

and an isomorphism of reduced simplicial cochains 
Now set 

r 0, ^ wi n a;2 7^ 0, 

" ■ ^ ■ I ® e i^^+«+'(i^a;iUa;J, O^i H a;2 = 0. 

Theorem 5.1 (Baskakov [3, Th. 1]). There are isomorphisms 

which are functorial with respect to simplicial maps and induce a ring iso- 
morphism 

j: HP{K^)^H*{Zk). 

p>-i, 

LuC-[m] 

Proof. Define a map of cochain complexes 

C*{K^) ^ C*+^-^'^^'^'^{Zk), a* ^T{a,u;\a)*. 

It is a functorial isomorphism by observation, whence the isomorphism of 
the cohomology groups follows. 

The statement about the ring isomorphism follows from the isomorphism 
H*{Zk) — H[R*{K)] established in Lemma 4.5 and analysing the ring struc- 
ture in R*{K). □ 

Corollary 5.2. There is an isomorphism 

H-''^^{Zk) = W-'-\K^). 

a;C[m]: |a;|=j 

As a further corollary we obtain Hochster's theorem (Theorem 2.9): 
Tor3*...,..](^[^].^)= H\-^-'-\K^)- 

u!C.[m\ 
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5.2. Alexander duality and coordinate subspace arrangements re- 
visited. The multiplicative version of Hoclister's can also be applied to co- 
homology calculations of subspace arrangement complements. 

A coordinate subspace can be defined either by setting some coordinates 
to zero as in (3.4), or as the linear span of a subset of the standard basis 
in C"*. This gives an alternative way to parametrise coordinate subspace 
arrangements by simplicial complexes. Namely, we can write 

{L^: u ^ K} = {span(eii, . . • ,eij: {h, ...,ik}eK} 

where K is the simplicial complex given by 

K ■.= {ujC [m] : [m]\uj ^ K}. 

It is called the dual complex of K. The cohomology of full subcomplexes 
in K is related to the homology of links in K by means of the following 
combinatorial version of the Alexander duality theorem. 

Theorem 5.3 (Alexander duality). Let K ^ /^"i-i ^ simplicial complex 
on the set [m] and a ^ K , that is, a = [m] \ a G K. Then there are 
isomorphisms 

In particular, for a = [m] we get 

Hj{K) ^ H"'-^-^{k), -l<j<m-2. 

A proof can be found in [9, §2.2]. Using the duality between the full 
subcomplexes of K and links of K we can reformulate the cohomology cal- 
culation of U{K) as follows. 

Proposition 5.4. We have 

Hi{U{K)) ^ 0^2m-2|a|-i-2^^jj^j^^^^_ 

Proof. Prom Proposition 3.8 and Corollary 5.2 we obtain 

Hp{U{K)) = H,_\rl-l{Kr). 
rC.[m] 

Nonempty simplices t € K do not contribute to the above sum, since the 
corresponding subcomplexes Kt are contractible. Since H~^{0) = k the 
empty subset of [m] only contributes k to H^{U{K)). Hence we may rewrite 
the above formula as 

^p(t^(^)) = ©^p-M-l(i^r). 

Using Theorem 5.3, we calculate 

Hp_\^\_i{Kr) = ^l^l-3-f+l^l+i(link^f) = H^'^-^^^^-P-^lmkf^T), 
where r = [m] \ r is a simplex in K, as required. □ 
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Proposition 5.4 is a particular case of the well-known Goresky-Macpherson 
formula [15, Part III], which calculates the dimensions of the (co)homology 
groups of an arbitrary subspace arrangement in terms of its intersection 
poset (which coincides with the poset of faces of K in the case of coordi- 
nate arrangements). We see that the study of moment-angle complexes not 
only allows us to retrieve the multiplicative structure of the cohomology of 
complex coordinate subspace arrangement complements, but also connects 
two seemingly unrelated results, the Goresky-Macpherson formula from the 
theory of arrangements and Hochester's formula from combinatorial commu- 
tative algebra. 

5.3. Massey products in the cohomology of Zk- Here we address the 
question of existence of non-trivial Massey products in the Koszul complex 

[A[ui,...,Um]®^K],d] 

of the face ring. Massey products constitute a series of higher-order opera- 
tions (or brackets) in the cohomology of a differential graded algebra, with 
the second-order operation coinciding with the cohomology multiplication, 
while the higher-order brackets are only defined for certain tuples of coho- 
mology classes. A geometrical approach to constructing nontrivial triple 
Massey products in the Koszul complex of the face ring has been developed 
by Baskakov in [4] as an extension of the cohomology calculation in Theo- 
rem 5.1. It is well-known that non-trivial higher Massey products obstruct 
the formality of a differential graded algebra, which in our case leads to a 
family on nonformal moment-angle manifolds Zk- 

Massey products in the cohomology of the Koszul complex of a local ring R 
were studied by Golod [14] in connection with the calculation of the Poincare 
series of Tor/?(k, k) . The main result of Golod is a calculation of the Poincare 
series for the class of rings with vanishing Massey products in the Koszul 
complex (including the cohomology multiplication). Such rings were called 
Golod in [17], where the reader can find a detailed exposition of Golod's 
theorem together with several further applications. The Golod property 
of face rings was studied in [20], where several combinatorial criteria for 
Golodness were given. 

The difference between our situation and that of Golod is that we are 
mainly interested in the cohomology of the Koszul complex for the face ring 
of a sphere triangulation K. The corresponding face ring k[i^] does not 
qualify for Golodness, as the corresponding moment-angle complex Zk is a 
manifold, and therefore, the cohomology of the Koszul complex of k[/<'] must 
possess many non-trivial products. Our approach aims at identifying a class 
of simplicial complexes with non-trivial cohomology product but vanishing 
higher-order Massey operations in the cohomology of the Koszul complex. 

Let Ki be a triangulation of a sphere 5"'^^ with \Vi\ = mi vertices, i = 
1, 2, 3. Set m := mi -|- m2 + m^, n := ni + n2 + n^, and 

K := Ki* K2* K3, Zk = Zki X x Zks- 

Note that if is a triangulation of S'^"^ and Zk is an (m -|- n)-manifold. 
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Given a E K, the stellar subdivision oi K at a is obtained by replacing 
the star of a by the cone over its boundary: 

Cct{K) = {K \ star A' cr) U (cone 5 star 7^ a). 

Now choose maximal simplices ai & Ki, (T2, € K2 such that (T2 n a"2 = 
0, and (73 G K^. Set 

Then is a triangulation of with m + 2 vertices. Take generators 
Pi G ^ i = 1, 2, 3, 

where i^^y. is the restriction of K to the vertex set of Ki, and set 
ai := 7(A) e i/"*-'""2-*(Z^) C iI-*+»'(Z^), 

where 7 is the isomorphism from Theorem 5.1. Then 

/3iP2 e ^"^+"^-^(^Viuy2) = #"1+"^-^'^"^'^"'"^ \ Pt) = 0> 

and therefore, 0102 = 7(/3i/?2) = 0, and similarly 020^3 = 0. In these 
circumstances the triple Massey product (01,02,03) C if™+"^^(Z^~,) is de- 
fined. Recall that (ai,a2,Q;3) is the set of cohomology classes represented 
by the cocycles {~l)'^'^^°''^'^^aif + ea^ where Oj is a cocycle representing ai, 
i = 1,2,3, while e and / are cochains satisfying de = 0102, df = 0203. A 
Massey product is called trivial if it contains zero. 

Theorem 5.5. The triple Massey product 

(01,02,03) cif-+-i(%) 

in the cohomology of {m + n + 2)-manifold is non-trivial. 

Proof. Consider the subcomplex of K consisting of those two new vertices 
added to K in the process of stellar subdivision. By Lemma 4.2, the in- 
clusion of this subcomplex induces an embedding of a 3-dimensional sphere 
C Zj^. Since the two new vertices are not joined by an edge in Zj^, the 
embedded 3-sphere defines a non-trivial class in H^{Zj^). By construction 
the dual cohomology class is contained in the Massey product (01,02,03). 
On the other hand, this Massey product is defined up to elements from the 
subspace 

The multigraded components of the group iJ™2+m3+n2+n3-i('^^-) different 

from that determined by the full subcomplex i^V2UV3 do not affect the non- 
triviality of the Massey product, while the multigraded component corre- 
sponding to Kv2uv-', is zero since this subcomplex is contractible. The group 
^mi+m2+ni+n2-i(2^) is treated similarly. It follows that the Massey prod- 
uct contains a unique nonzero element in its multigraded component and so 
is nontrivial. □ 



As is well known, the nontriviality of Massey products obstructs formality 
of manifolds, see e.g. [2]. 



26 



TARAS PANOV 



Corollary 5.6. For every sphere iriangulation K obtained from another 
triangulation by applying two stellar subdivisions as described above, the 2- 
connected moment-angle manifold is nonformal. 

In the proof of Theorem 5.5 the nontriviality of the Massey product is es- 
tablished geometrically. A parallel argument may be carried out algebraically 
in terms of the algebra R*{K), as illustrated in the following example. 

Example 5.7. Consider the simple polytope shown on Figure 4. This 




Figure 4. 

polytope is obtained by cutting two non-adjacent edges off a cube and has 
8 facets. The dual triangulation Kp is obtained from an octahedron by 
applying stellar subdivisions at two non-adjacent edges. The face ring is 

Z[Kp] = Z[vi, . . . ,vg,wi,W2]/Ikp, 

where Vi, i = 1,...,6, are the generators coming from the facets of the 
cube and ■wi,W2 are the generators corresponding to the two new facets, see 
Figure 4, and 

Ip = {viV2,V3V4,V5VQ,WiW2,ViV3,V4V5,WiV3,WiVe,W2V2,W2V4). 

The corresponding algebra R*{Kp) has additional generators ui, . . . , ue, ti, t2 
of total degree 1 satisfying dui = Vi and dti = wi. Consider the cocycles 

and the corresponding cohomology classes a,l3,j G H~^'^[R*{K)]. The 
equations 

ab = de, be = df 

have a solution e = 0, / = V5U3U4UQ, so the triple Massey product (a, /3, 7) £ 
H~^'^'^[R*{K)] is defined. This Massey product is nontrivial by Theorem 5.5. 
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The cocycle 

af + ec = viv^U2UzU4,uq 
represents a nontrivial cohomology class [viv^U2UzU4:Uq\ G {a,l3,j) and so 
the algebra R*{Kp) and the manifold Zxp are not formal. 

In view of Theorem 5.5, the question arises of describing the class of sim- 
phcial complexes K for which the algebra R*{K) (equivalently, the Koszul 
algebra [A[tii, . . . , Um] ® '^[K], d] or the space Zk) is formal (in particular, 
does not contain nontrivial Massey products). For example, a direct calcu- 
lation shows that this is the case if K is the boundary of a polygon. 

5.4. Toral rank conjecture. Here we relate our cohomological calculations 
with moment-angle complexes to an interesting conjecture in the theory of 
transformation groups. This 'toral rank conjecture' has strong links with 
rational homotopy theory, as described in [1]. Therefore this last subsection, 
although not containing new results, aims at encouraging rational homotopy 
theorists to turn their attention to combinatorial commutative algebra of 
simplicial complexes. 

A torus action on a space X is called almost free if all isotropy subgroups 
are finite. The toral rank of X, denoted trk(X), is the largest k for which 
there exists an almost free T'^-action on X. 

The toral rank conjecture of Halperin [18] suggests that 

dim H*{X-q) > 2*'"'^^ 

for any finite dimensional space X. Equality is achieved, for example, if 
X = T^. 

Moment angle complexes provide a wide class of almost free torus actions: 

Theorem 5.8 (Davis-Januszkiewicz [11, 7.1]). Let K he an (n — l)-dimen- 
sional simplicial complex with m vertices. Then txk Zk > m — n. 

Proof. Choose an Isop in ti,...,tn in Q[K] according to Lemma 2.3 and 
write 

f'i = + . . . + XimVm, i = l,...,n. 

Then the matrix A = (Xij) defines a linear map A: Q"* — > Q"^. Changing A 
to A;A for a sufficiently large k if necessary, we may assume that A is induced 
by a map 7/^ — > Z", which we also denote by A. It follows from Lemma 3.11 
that for every simplex a ^ K the restriction A|z<t : Z*^ — >■ of the map A to 
the coordinate subspace Z"^ C Z™ is injective. 

Denote by T\ the subgroup in T"* corresponding to the kernel of the map 
A: Z™" Z". Then T\ is a product of an (m — n)-dimensional torus N and 
a finite group. The intersection of the torus N with the coordinate subgroup 
rpa ^ rpm |g £jji^g subgroup. Siucc the isotropy subgroups of the r™-action 
on Zk are of the form T"^ (see the proof of Theorem 3.12), the torus N acts 
on Zk almost freely. □ 

Note that by construction the space Zk is 2-connected. 
In view of Theorem 5.1, we get the following reformulation of the toral 
rank conjecture for Zk- 

dim #*(i^^;Q) >2"^-" 
(jjC[m] 
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for any simplicial complex K'^ on m vertices. 

Example 5.9. Let K the boundary of an m-gon. Then the calculation of [8, 
Exam. 7.22] shows that 

dim H*{Zk) = (m - 4)2™-2 + 4 > 2""-^. 
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